arXiv:1506.08672vl [math.DG] 29Jun2015 


BRIESKORN MANIFOLDS, POSITIVE SASAKIAN 
GEOMETRY, AND CONTACT TOPOLOGY 

CHARLES P. BOYER, LEONARDO MACARINI, AND OTTO VAN KOERT 


Abstract. Using S' * 1 -equivariant symplectic homology, in partic¬ 
ular its mean Euler characteristic, of the natural filling of links 
of Brieskorn-Pham polynomials, we prove the existence of infin¬ 
itely many inequivalent contact structures on various manifolds, 
including in dimension 5 the fc-fold connected sums of S 2 x S 3 
and certain rational homology spheres. We then apply our result 
to show that on these manifolds the moduli space of classes of 
positive Sasakian structures has infinitely many components. We 
also apply our results to give lower bounds on the number of com¬ 
ponents of the moduli space of Sasaki-Einstein metrics on certain 
homotopy spheres. Finally a new family of Sasaki-Einstein metrics 
of real dimension 20 on S 5 is exhibited. 


1. Introduction 


Brieskorn manifolds have played an important role in the develop¬ 
ment of both Sasakian geometry and contact topology. On the one 
hand they provide examples of Sasaki-Einstein metrics as well as Sasaki 
metrics of positive Ricci curvature on many manifolds, in particular 
on spheres including exotic ones [BGN031 IBG061IBGK051IBG08] . On 
the other hand they provide examples of distinct contact structures 
with the same classical invariants |Ust991 lvK051 lvK081 IKvK131 IFaul51 


IUebl5 . 

The purpose of this note is to use the S' 1 -equivariant symplectic ho¬ 
mology (in particular, the mean Euler characteristic) of Liouville fill¬ 
ings of Brieskorn manifolds to obtain connectivity results about certain 
moduli spaces of Sasakian structures. Kwon and van Koert |KvK13j 
have shown that every rational number can be realized as the mean Eu¬ 
ler characteristic of some contact structure on the 5-sphere S 5 . Since 
the mean Euler characteristic is a contact invariant, this implies that 
there are infinitely many distinct contact structures on S 5 . However, 
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not all of these admit a compatible Sasaki metric, but there are infin¬ 
itely many that do, namely those coming from the Brieskorn manifold 
with exponents (2,2, p, q) where p,q are relatively prime positive in¬ 
tegers. Indeed, these all have positive Sasakian structures. Thus, the 
moduli space of deformation classes of positive Sasakian structures on 
S 5 has infinitely many components. On the other hand, Kollar |Kol05j 
has shown that certain 5-dimensional rational homology spheres have 
precisely one component of the moduli space of deformation classes of 
positive Sasakian structures. In fact, many five dimensional rational 
homology spheres do not carry a positive Sasakian structure at all, 
although they can admit other Sasakian structures. 

In Section [2] we define the moduli space VJlf 0 (M) of positive Sasaki 
classes with ci(D) = 0 on a given manifold M of Sasaki type. By 
the transverse version of Yau’s Theorem, each element of DJt'y 0 (M) 
has a Sasaki metric with positive Ricci curvature. One of the main 
purposes of this paper is to understand the set 7r 0 (97l+ 0 (M)) of com¬ 
ponents of o (ill). As mentioned above, we know from (KvK13j that 
|(S’ 5 ))I = « 0 . We first consider dimension 5 where we employ 
Smale’s classification and notation |Sma62j of simply connected spin 
manifolds (note that a simply connected 5-manifold admitting contact 
structures with cfiT)) = 0 must be spin). Here M k denotes the rational 
homology 5-sphere with H 2 (M k , Z) ps 7L k © 7L k , lM k denotes the /-fold 
connected sum of M k , and k(S 2 x S 3 ) denotes the fc-fold connected sum 
of S 2 x S' 3 . We now describe our main results: 

Theorem 1.1. For each k — 1,2,... we have \no(iXfl c +0 (k(S 2 x S 3 )))\ = 
No- Moreover, each component belongs to a distinct contact structure, 
so there are infinitely many inequivalent contact structures of positive 
Sasaki type with vanishing first Chern class on k(S 2 x S 3 ) for each such 
k. 


While, as mentioned above, for certain rational homology spheres 
M, DJl c +0 (M) has precisely one component, on the other hand we have 

Theorem 1.2. For the rational homology 5-spheres 

M = M 2 , M 3 , M 5 , 2M 3 ,4M 2 

we have 17r 00 (M))| = K 0 . Moreover, each component belongs to 
a distinct contact structure, so there are infinitely many inequivalent 
contact structures of positive Sasaki type on each of the above rational 
homology 5-spheres. 

These are the only nontrivial rational homology 5-spheres realized 
as the link of a Brieskorn-Pham (BP) polynomial with infinitely many 
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inequivalent contact structures of positive Sasaki type. For a complete 
discussion of Kollar’s results on positive Sasakian structures in dimen¬ 
sion 5 we refer to 10.2.1 of |BG08] as well as the original paper |Kol05j . 
Further results can also be found in |BN10j . However, these results 
are beyond the scope of the present paper in that they do not arise 
from BP polynomials. A classification of positive Sasakian structures 
on 5-manifolds represented by BP polynomials is found in the tables 
of Appendix B.4 of [ BG08j . 

For dimension one mod 4 and larger than 5 we consider the manifolds 

S 2n x S 2n+1^ g2n x ^n+l^ln+l , and ^ 

where E 4n+1 is a generator of the group bP 4 n+2 of exotic spheres that 
bound parallelizable manifolds of dimension 4n + 2, and T is the unit 
tangent sphere bundle over S 2n+1 . We remark that bP An+2 is the iden¬ 
tity for n — 1,3, 7,15 and it is Z 2 when 4n + 2 ^ 2* — 2 for i > 3, 
otherwise it is unknown. It is shown in }BG06 ] that these manifolds 
admit positive Sasaki metrics. Concerning their moduli we now have 

Theorem 1.3. The following hold: 

(S 2n x A 2n+1 ))| = No, 

\n 0 (Wll fi (S 2n x S 2n+1 ffYfi n+1 ))\ = N 0 , 

M^oCH) I = n 0 . 

Moreover, each component belongs to a distinct contact structure, so 
there are infinitely many inequivalent contact structures of positive 
Sasaki type on each of the above smooth manifolds. 

We now want to consider BP links which admit Sasaki-Einstein met¬ 
rics on homotopy spheres. (For convenience we exclude the standard 
round sphere from any discussion in this paper. Thus, all contact struc¬ 
tures on spheres considered here are exotic.) However, owing to the 
lack of a completeness theorem a la Kodaira-Spencer in the weighted 
polynomial case, we only obtain definitive results for the subspace of 
Sasaki-Einstein metrics that are represented by distinct weighted ho¬ 
mogeneous polynomials Wl n HSE C Wl SE . (See the discussion on pages 
177-178 of [BG08| ). See also Chapter 11 of (BG08 J and references 
therein. The homotopy spheres we consider here are S 5 , S 7 , S 9 . In par¬ 
ticular, we obtain lower bounds on the number of components of the 
local moduli space DJl SE of each diffeomorphism type. It is unknown 
whether the number of components of 9H 1 ' 1 HSE is actually finite, but 
only finitely many are known on a homotopy sphere of any dimen¬ 
sion. The 5-sphere S 5 has a unique diffeomorphism type and until now 
there were 81 known families of SE metrics, not including the standard 
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round sphere, given by 80 families established in [ BGK051IGK07] plus 
the Li-Sun example (see Remark l3.14p . However, we have found a new 
family of SE metrics with 20 real parameters given by Theorem 13.161 
below, giving a total of 82. For these 82 families we have an Excel 
table that shows that there are 7 pairs whose contact structures can¬ 
not be distinguish by the mean Euler characteristic. However, one pair 
can be distinguished by their S 1 equivariant symplectic homology, see 
Lemma [5.411 Therefore, we have 

Theorem 1.4. |7t 0 (01L S£; (S' 5 ))| > 76. Concerning 93T" HSE there are 55 
components consisting of single points, eighteen components of real di¬ 
mension 2, four components of real dimension 4, one component of real 
dimension 6, two components of real dimension 8, one component of 
real dimension 10, and one component of real dimension 20. Moreover, 
the 82 components of HSE belonq to at least 76 distinct components 

»/®+, 0 (S 5 ). 

Of the 6 pairs of elements of 93T" HSE whose contact structures can¬ 
not be distinquished, one has both members with zero dimensional 
moduli and one has both members with 2 real dimensional moduli. 
The remaining four cases consist of a pair of elements of HSE with 
real dimensions two and six, two and zero, eight and zero, and zero and 
four, respectively. The elements of a pair probably belong to distinct 
components of Oil 5 ' 5 ', but we do not have a proof of this at this time. 
On the other hand there is no reason to believe one way or the other 
whether they belong to distinct elements of 0 (S 5 ) or not. 

in the case of homotopy S 7 s and S 9 s, we do not determine the dimen¬ 
sion of the various components, although in principle it can be done 
with a computer program. Our results for the homotopy 7-spheres are 
given in Section 15.41 below where we have a table from which lower 
bounds for |7ro(5DT‘ S£ (E 7 ))| for each of the 28 homotopy E 7 s can be 
easily obtained. For homotopy S 9 s we have 

Theorem 1.5. For the standard diffeomorphism type on S 9 we have 
|7r 0 (5DT‘ s ' B (S' 9 ))| > 983 and for the exotic E 9 we have |t 0 (9H‘ 5£; (E 9 ))| > 
494. Moreover, the components belong to distinct components of 
9H^o(*S' 9 ) an d 9Jt+ 0 (E 9 ), respectively. 

The bounds obtained in this theorem as well as in dimension 7 are 
probably far from sharp. In fact, for general dimensions it is not known 
whether |7To(9Jt' S£ '(E 2ri+1 ))| is finite or not. However, the methods used 
so far only give rise to finitely many components, albeit with double 
exponential growth with dimension (see Section [6]). 
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It is known from Ustilovsky | HJst99j that for all homotopy spheres 
£ 4n+1 that bound a parallelizable manifold in dimension one mod four, 
we have |T 0 (9K^ 0 (E 4n+1 ))| = K 0 . This result has been recovered by 
using symplectic homology in |Gutl41 IGutl5] and one can use the for¬ 
mulae for symplectic homology in |KvK13| to also obtain the result. 
However, none of these components are known to admit SE metrics 
with the exception of the BP link L(2, 2, 2, 3). See Remark 13. 141 below. 
That |vr 0 (im; i0 (E 4ri+3 ))| = K 0 was obtained in 9.5.10 in [ BG08j using 
the classical invariant of Morita |Mor751 !Sat77] , where E 4n+3 denotes 
a homotopy sphere in bP in+4 . 

Finally, in Section [6] we show that the number of components of 
SHT s ' E (S' 4ri+1 ) grows doubly exponentially with dimension. 

Acknowledgements. This work was born at the AIM Workshop on 
Transversality in Contact Homology in Palo Alto, CA, Dec. 8-12, 2014 
and we would like to thank the American Institute of Mathematics for 
its hospitality. We also thank Frederic Bourgeois and Jean Gutt for 
interesting and helpful discussions. In addition the first author thanks 
Chi Li and Song Sun for discussions concerning Remark\3.14\ below. 


2. Deformation Classes of Sasakian Structures 

First a warning concerning notational conventions. In Sasakian ge¬ 
ometry £ is the Reeb vector field, and the contact bundle is usually 
denoted by T>; whereas in contact topology £ denotes the contact bun¬ 
dle. Here to avoid confusion we do not use £ for either the Reeb field 
or the contact bundle. The Reeb field of a contact form g can be R v 
or simply R when there is no possibility of confusion. Note that the 
contact structure D of any link of a weighted homogeneous polynomial 
(whp) must have Ci(D) = 0. 

Recall (cf. Chapters 6 and 7 of |BG08j l that a Sasakian structure 
is a contact metric structure with certain nice properties. A contact 
metric structure on an oriented manifold M is a quadruple (R, g, <E>, g) 
where g is a contact 1-form, R its Reeb vector field, $ a section of the 
endomorphism bundle End(M) satisfying <1 >R = 0, = — i + R®g, 

and g is a compatible Riemannian metric. Here compatible means 

g(QX,$Y)=g(X,Y)-g(X)g(Y) 

holds for all vector fields X , Y. With contact structure T> = ker g we 
see that = J is an almost complex structure on D. Thus, the 
pair (D, J) is a strictly pseudoconvex almost CR structure on M since 
dg o ($ <g) 11) gives the vector bundle D a positive definite metric such 
that g = dg o ($ ® 11) + g ® g is a Riemannian metric on M. The 
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quadruple S = (R,rj,$,g) is a Sasakian structure if (2), J) is a CR 
structure, that is, J is iutegrable, and R is a Killing vector field, that is, 
£r9 — 0. Note that this last condition is equivalent to £r& = 0, which 
means that R is a infinitesimal CR transformation. Alternatively, a 
contact metric structure S = (R, rj, <h, g) is Sasakian if the metric cone 
(C(M) = M x M + , g = dr 2 + r 2 g) is Kahler with Kahler form d{r 2 g). 
The complex structure / on C(M) satisfies 

IX = $X + T}(X)V, JT = —R 

where X is a vector field on M and T = rd r is the Liouvillc vector 
field. 


Definition 2.6. A contact structure D is said to be of Sasaki type if 
there exists a Sasakian structure S = (R,rj, $, g) such that D = ker g. 


The Reeb vector field R of a contact 1-form g defines a 1-dimensional 
foliation Jr and when the contact metric structure S = (A, g, d>, g) is 
Sasakian, the transverse geometry of the foliation “Jr is Kahlerian; 
hence, Jr is a Riemannian foliation. So a Sasakian structure fixes a 
transverse holomorphic structure J on the normal bundle v(Jr) to the 
foliation Jr such that the diagram 


( 1 ) 


TM 


-> TM 


7T,, 


7T„ 


v{Jr) 


v{3r). 


commutes. 

Given a closed oriented smooth manifold M, we denote by $(M) 
the space of all Sasakian structures on M and give it the induced 
topology as sections of vector bundles. We denote by ^(M, R, J) the 
subset of Sasakian structures with Reeb vector field A, with transverse 
holomorphic structure J, and the same complex structure on the cone 
C(M). We give $(M,R, J ) the subspace topology. A Sasakian struc¬ 
ture chooses a preferred basic cohomology class [dg\ B E H' b '(J r ), and if 
S' = (A, g', g') is another Sasakian structures in ^(M, A, J), then we 

have [dg'ls = [dg\ B - So by the transverse dd lemma [EKA90j there is a 
basic function <f>, unique up to a constant, such that dg' = dg+id B d B (f). 
Furthermore, since the complex structure on the cone remains the same 
g' — g + d c B (p |FOW09] . so we can identify ^(M, A, J) with the con¬ 
tractible space 


{4> G Cff | (77 + d c B <f) A (dg + id B d B (f) n 7 ^ 0, f 0 g A (dg) n = 0}, 

J M 
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where d c B = |(<9 — d). For each such 0 we have a Sasakian structure 
<S </, = ( R , T/cf,, fjd,) with Tjfj) — T) d c B 4>, < 1 )</, = $ - R 0 d c B (j), and 
g^ = drj ^ o (<|)0 0 11) + 7/0 0 with the same Reeb vector field R, the 
same transverse holomorphic structure J and the same holomorphic 
structure on the cone. The class [drj\ B G Rb^Tr) is called a transverse 
Kahler class or Sasaki class. In the quasi-regular case, i.e. the Reeb 
flow induces a locally free circle action, this class is also called a Sasaki- 
Seifert structure in [BG08j . 

This deforms the contact structure as well, sending T> K y T = 
kerr^. Of course, these give an isotopy of equivalent contact struc¬ 
tures by Gray’s Theorem. The space $(M, R , J) described above is 
clearly infinite dimensional, so we want to factor this part out to get 
a finite dimensional moduli space. So we consider the identification 
space R, J). It is a pre-moduli space of Sasaki classes 

which we denote by fpOJLj. The Sasaki class of a Sasakian struc¬ 
ture S = (R, rj, <3>, g ) is denoted by S. Generally, tpDlLj can be non- 
Hausdorff, but this is not the case with the examples treated here. 

The diffeomorphism group S)iff(M) acts on $(M) by sending S = 

(R, v, g) to S* = (<p,R, O" 1 )*??, O -1 )*#) for <p e ©iff(Af). 

Then the transformed structure belongs to the transformed space 
$(M, <p*R, (pf 1 Jif*)- So ©iff(Af) acts on fpiQLj to define the moduli 
space of Sasaki isotopy classes W1 B (M). Generally very little is known 
about this space. Locally DJl$(M) is determined by the deformation 
theory of the transverse holomorphic structure of the foliation Tr. 

We recall the type of a Sasakian structure [BG08j . 

Definition 2.7. A Sasakian structure S = (R, rj, <h, g) is positive 
(negative) if the basic first Chern class Ci(Tr) is represented by a 
positive (negative) definite (1,1)-form. It is null if ci(3 r B ) = 0, and 
indefinite if c\ (Tr) is otherwise. 

Here we are interested in positive Sasakian structures with ci(D) = 
0. Generally, the type can change within a component of DJlg(M) as 
indicated in jBP14j and is being studied further in |BTF15| ; however, it 
follows from Corollary 7.5.26 of [ BG08j that type change cannot occur 
within a component when ci(D) = 0 or more generally a torsion class. 

We wish to consider deformations of the Sasaki classes by deforming 
the transverse holomorphic structure where a good deformation theory 
exists (cf. Section 8.2.1 of [BG08j ). However, unlike Kahlerian ge¬ 
ometry, such deformations generally do not remain Sasakian [Nozl4j . 
Fortunately, positive Sasakian structures are stable under small defor¬ 
mations (cf. Section 1.4 of |Nozl4] ) and these are what interest us here. 
Accordingly, we denote the moduli space of positive Sasaki classes with 
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ci(T>) = 0 by We are also interested in the moduli space 

of Sasaki-Einstein metrics which is denoted by VJl SE (M). Generally 
there is very little known about the spaces and Wl SE (M). 

Since Sasaki-Einstein structures are positive, there is a natural map 
c : 9Jl SE (M) — >Wl c +0 (M) which sends an SE structure to its Sasaki 
class. By a theorem of Nitta and Sekiya [NS12| if c(S) = c(S') then 
there is a g in the connected component of the group of transverse 
holomorphic automorphisms such that S' = g(S). 

3. Brieskorn Manifolds and Sasakian Geometry 

Here we give a brief review of weighted homogeneous hypersurfaces 
in C n+1 and their links. See Section 4.6 and Chapter 9 of BC08 I for 
full details. First we define a weighted C* action on C n+1 by 

(2) z = (zq, ■■■ ,z n )*-^ (A™°z 0 , • • • , A Wn z n ), 

where A 6 C* and which we denote by C*(w) where w = (w 0 , • • • , w n ) G 
(Z + ) n+1 is the weight vector and the monomial Zi is said to have weight 
Wi- This induces an action of C*(w) on the space of polynomials 
C[^o, .. ■, z n ] whose eigenspaces are weighted homogeneous polynomials 
of degree d defined by 

(3) /(A™%,..., X Wn z n ) = X d f{z 0 , ...,z n ). 

We want to make two assumptions about /. First, / should have 
only an isolated singularity at the origin in C n+1 , and second, / does 
not contain monomials of the form z t for any i = 0,... ,n. This last 
condition eliminates the standard constant curvature metric sphere. 

The zero locus of / is referred to as a hypersurface singularity and 
denoted by Cf. The link is defined by intersecting the zero locus of / 
with unit sphere in C n+1 , namely 

(4) £’ (w, <j) = {/(z) = 0} n S 2n+1 . 

It follows from the Milnor Fibration Theorem that L( a) is (n — 2)- 
connected. It was realized in the mid 70’s that links of weighted ho¬ 
mogeneous polynomials are a good source of contact manifolds | AE75i 
lLM76 : , Si l7(i . Furthermore, they have a natural Sasakian structure 
[Abe771 ITak78] . Hence, 

Theorem 3.8. Links of weighted homogeneous polynomials admit con¬ 
tact structures of Sasaki type. 

In fact a link L*( w, d) has a natural Sasakian structure S w = (i? W7 r/ w , $ w , gw) 
which is simply the restriction of the weighted Sasakian on the sphere 
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S' 2 "" 1 " 1 with Reeb vector field i? w = Yhj w jHj where Hj = —i(zjd Zj — 
Zjdzj)- 

Of special interest to us are the Brieskorn-Pham polynomials which 
are polynomials of the form 

(5) /(z) = 4 o+ ■■■ + <” ■ 

Here the exponent vector a = (ao, a i, ..., a n ) e ( Z + ) n+1 is related to 
the weights by a^Wi = d for all % — 0 ■ ■ ■ , n. In this case we write the 
link as 

-^(a) = {/(z) = 0} n S 2n+1 

and refer to it as a Brieskorn manifold. We also require that cij > 2 
since a linear term in the polynomial gives rise to the standard sphere 
with its standard contact structure. 

Note that the quotient of L*(w,d) by the weighted circle action 
(z 0 , • • • , z n ) (A“’°£o, • • • , A Wri z n ) with | A | = 1 is a projective algebraic 
orbifold Z w . Equivalently, Z w = (Cf \ {0})/C*(w). We denote by Qz 
the sheaf of germs of holomorphic vector fields on Z. 

Lemma 3.9. Let L*(w,d) be the link of a weighted hypersurface sin¬ 
gularity of degree d with n >3, weight vector w, and with an isolated 
singularity at the origin. Let S w be the naturally induced Sasakian 
structure on L*(w,d). 

(1) Then any deformation of the transverse holomorphic structure 
of S w remains Sasakian. 

(2) Moreover, if S w is positive, the deformation remains positive. 

(3) If Wj < | for all but one of the weights and H 2 (Z Wt , ©_z w ) = 0, 
then the component of Tl c + 0 (L*{w,d)) containing <S W is locally 
modeled on the complex vector space ih 1 (Z Wi , 0^ w ). 

Proof. Since a link L*(w,d) with n > 3 is simply connected, (1) fol¬ 
lows from [Nozl4j . For (2) Proposition 9.2.4 of [BG08j implies that 
ci(X> w ) = 0 and then Corollary 7.5.26 of [BG08| implies that type 
change cannot occur which implies (2). To prove (3) we note that 
Proposition 37 and Remark 38 of [ BGK05j implies that the group of 
automorphisms is discrete^, hence, H°(Z,Qz) = 0, so the Kuranishi 
space of deformations of transverse holomorphic foliations is locally 
modeled on i7 1 (Z Wi , Qz m ) by Proposition 8.2.6 of |BG08j . □ 

Let fOt” q’ c (M) denote the subset of TX C +0 (M) consisting of Sasaki 
classes that can be represented as the link of a weighted homogeneous 

1 Contrary to the statement in [BGK05I . there is a case, namely when n = 3 and 

|w| = d , that the automorphism group is not a finite group, but an infinite discrete 
group. See Lemma 5.5.3 of IBG08I and the corresponding references there. 
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hypersurface. It is well known that a Sasaki class that can be repre¬ 
sented as a weighted homogeneous hypersurface (or more generally a 
complete intersection) must have Ci(T>) = 0 and whose type is either 
positive, negative, or null. It is also known that being represented by a 
weighted homogeneous hypersurfaces places topological restrictions on 
M. For example, such an (2 n + l)-manifold must be n — 1 connected. 

Here we are interested only in those of positive type. Similarly 
9Jt WHSE (M) denotes the subset of Wl SE (M) that can be represented 
by a weighted homogeneous hypersurface. However, we need to ex¬ 
clude the standard contact structure 7) 0 on the sphere S 2n+1 . So when 
M = S 2n+1 an element of 50T" HSE (M ) corresponds to an exotic contact 
structure. 

The problem of giving sufficient numerical conditions for the ex¬ 
istence of Sasaki-Einstein (Kahler-Einstein orbifold) metrics has been 
well studied. Generally there are no known numerical conditions which 
are both necessary and sufficient. Here we give sufficient conditions for 
Brieskorn manifolds. 


Theorem 3.10. Let L{ a) be the link of a Brieskorn hypersurface. Then 
if either one of the following two conditions hold L( a) admits a Sasaki- 
Einstein metric: 


where bi 


1 

^7 < 

i=0 * 

1 + 

n 

l< ^ < 

1 + 

gcd(lcma. 

) 


n 


-mm,- 


n 


1 1 a* ’ bibj 


n . / 1 \ 

-mm, — max, 

n — 1 l \aJ J 



? 


Proof. The proof of the first condition is given in [IBGK05 ] while that 
of the second is given for n = 3 in [BNlOj . The extension of the latter 
to arbitrary n is straightforward. □ 


In the special case when the components of a are pairwise relatively 
prime Ghigi and Kollar |i GK07| have given a better estimate. In¬ 
deed owing to the Lichnerowicz bound obtained by Gauntlett, Martelli, 
Sparks, and Yau [GMSY07 ] this bound is sharp. 


Theorem 3.11. Let L{ a) be the link of a Brieskorn hypersurface. As¬ 
sume further that the components ao, ■ ■ ■ ,a n of a are pairwise relatively 
prime. Then L( a) admits a Sasaki-Einstein metric if and only if 


n ' ^ f 1 1 

1 < > — <l + n min, <; — >. 

~f a i l + J 
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For any link of a weighted homogeneous hypersurface, the result of 
jGMSY07] is: 

Theorem 3.12. Let L*(w,d) be a smooth link of a weighted homoge¬ 
neous hypersurface. If the inequality |w| — d > n minpiy holds, then 
L*(w,d) cannot admit a Sasaki-Einstein metric. 

3.1. Perturbations of Brieskorn Manifolds. In order to study mod¬ 
uli we consider perturbations of the Brieskorn polynomials by a weighted 
homogeneous polynomial p of degree d. We now consider the hyper¬ 
surface singularity Cf +p and require that the intersection of its zero 
locus with any number of hyperplanes (zj = 0) is smooth outside of the 
origin in C n+1 . With this the corresponding links Lf and Lf +p are dif- 
feomorphic and the corresponding contact structures are equivalent by 
Gray’s Theorem. The polynomial p consists of monomials of the form 
Zq° ■ ■ ■ z bn where 0 < bj < aj and bjWj = d. Now let us consider 
the projective complex orbifolds, Cf/ C*(w) and C/+ P /C*(w). By the 
Grothendieck-Lefschetz Theorem |Gro68j . it follows that any isomor¬ 
phism of Cf/ C*(w) and Cf +P / C*(w) is induced from an isomorphism 
of C n+1 that commutes with C*(w). As discussed in [ BGK05] such 
elements form a group, denoted by 2lut(C n+1 , 0(w)) with dimension 
Y/i h°( CIP(w), O(wi)). Here h°( CIP(w), 0(m)) denotes the complex di¬ 
mension of the complex vector space H°( CP(w), 0(m)) of holomorphic 
sections of the orbibundle 0(m). On the other hand the added poly¬ 
nomial gives a space of dimension h°( CP(w), 0(d)), so we have arrived 
at 

Proposition 3.13. Let M be a smooth manifold represented by the 
link L( a) of a Brieskorn hypersurface that admits a Sasaki-Einstein 
metric. Assume further that the components of the exponent vector a 
has at most one 2. Then near L( a) the moduli space 97T 11 HSE (M) has 
complex dimension 

ft°(CP(w), 0(d)) - £ h°(CF(w),Q(wi)). 

i 

Remark 3.14. It is interesting to note that until recently all known 
examples of Brieskorn manifolds L(a) that admit a Sasaki-Einstein 
metric with the exception of a quadric have at most one exponent equal 
to 2. However, there was a controversy concerning the link L( 2, 2, 2, 3). 
This does not appear on the list of cohomogeneity one Sasaki-Einstein 
manifolds given in [Con07] implying that it does not admit an SE 
metric. On the other hand in a recent paper Li and Sun |LS14| claim 
that it does. This controversy has been recently resolved by Chi Li 
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[Lil5| in favor of the Li-Sun result. It can be noted that the BP links 
L( 2, 2, 2, k) for k > 3 cannot admit SE metrics as they are obstructed 
by the Lichnerowicz obstruction Theorem 13.121 Nevertheless, there are 
an infinite number of links of the form L( 2, 2 ,p, q ) where the existence 
or non-existence of an SE metric is unknown. 

Example 3.15. Applying Proposition 13.131 to M = S 5 the results of 
} BGK05] and [GK07] show that there are at least 80 components of 
OH" HSE (S 5 ) (excluding the round sphere SE metric) plus the Li-Sun 
case of Remark 13.141 which gives 81. However, there is an example 
of a family of SE metrics on S 5 that was not included in |BGK05] 
since it does not satisfy the first estimate in Theorem 13.101 This is 
given in Theorem 13.161 below. So we know that Oil" HSE (S 5 ) has at 
least 82 components. There are 55 components consisting of single 
points, eighteen components of real dimension 2, four components of 
real dimension 4, one component of real dimension 6, two components 
of real dimension 8, one component of real dimension 10, and one 
component of real dimension 20. This last family arises from 

Theorem 3.16. The link L(2,3,11,11) ~ S 5 admits a 20 parameter 
family of Sasaki-Einstein metrics. 

Proof. One easily checks that the second estimate in Theorem 13.101 
is satisfied. Moreover, from Proposition 13.131 one sees that the local 
moduli space has real dimension 20. □ 

This provides the largest known component of 9Jt SE (S 5 ). 

Remark 3.17. Notice that if the components of a are pairwise rela¬ 
tively prime, there is no polynomial p to add, so the moduli is a single 
point. Also if there are two isolated points in the Brieskorn graph and 
only a quadric can be added, the moduli is a single point. 

4. 5' 1 -Equivariant Symplectic Homology and Brieskorn 

Manifolds 

In order to distinguish components of DJXf 0 (M) we make use of the 
fact that the + component of S' 1 -equivariant symplectic homology of Li- 
ouville fillings of Brieskorn manifolds is a contact invariant under some 
mild and checkable conditions, made precise in Lemma [4.371 Further¬ 
more, the mean Euler characteristic of this homology, defined in ()9j) . 
is always an invariant of the natural contact structure on a Brieskorn 
manifold. 
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4.1. On symplectic fillings. Many contact manifolds arise naturally 
as the boundary of a symplectic or complex manifold. The notions that 
are relevant for this paper are the following. 

Definition 4.18. Suppose that is a compact, coorientable con¬ 

tact manifold. A strong filling or convex filling of (M, D) consists 
of a symplectic manifold (W, c a) such that 

• the boundary of W is diffeomorphic to M 

• there is a Liouville vector field X (i.e. Lxco = oj) defined in a 
neighborhood of the boundary which is pointing outward. 

• the kernel of the 1-form is the contact structure D. 

We will refer to the boundary of a strong symplectic filling (IT, uj) as 
the contact type boundary. 

A Liouville filling of (M, D) is a strong filling of (M, D) for which 
the Liouville vector field X is globally defined. 

These are purely symplectic notions. For fillings related to complex 
geometry, we first define J-convexity. 

Definition 4.19. Assume that M is a real hypersurface in a complex 
manifold (IT, J). We obtain a distribution D on M by setting D : = 
TM fl JTM. We say that M is a J-convex hypersurface if there exists 
a 1-form g on M such that D = kerg and —g([X,JX]) > 0 for all 
non-zero vectors X e D. 

A holomorphic filling of a compact, coorientable contact manifold 
(M, D) consists of a compact, complex manifold (IT, J ) such that 

• the boundary ofW is diffeomorphic to M. 

• the boundary ofW is J-convex and D = TM fl JTM. 

A Stein filling of a contact manifold (M, T>) is a holomorphic filling 
of (M, T>) that is biholomorphic to a Stein domain. 

Note that a Liouville filling for (M, T>) is an exact symplectic man¬ 
ifold {W,oj = d\), where the Liouville 1-form is defined by ix^ ='■ A. 
We will write (W, A) for such an exact symplectic manifold with contact 
type boundary and call it a Liouville domain. 

We claim that a Stein filling (W, J ) is automatically Liouville. To see 
this, choose a strictly plurisubharmonic function / : W —)■ R such that 
the boundary of W is a regular level set. We get the 1-form A = —dfoj, 
and the Kahler form dX. The vector field X satisfying ixUJ = A is hence 
Liouville and it is transverse to regular level sets of /. 

Theorem 4.20. Every Sasakian manifold is holomorphically fillable. 

In fact, since a Sasakian structure has an underlying strictly pseudo- 
convex CR structure, it follows from a theorem of Rossi, cf. Theorem 
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5.60 of [CE12j . that a contact structure of Sasaki type is holomorphi- 
cally fillable if the dimension of M is at least 5, and hence, K abler 
tillable by Theorem 5.59 of jCE12j . The 3-dimensional case was later 
also shown to be holomorphically fillable by Marinescu and Yeganefar, 
[MY07j . Due to results of Bogomolov and de Oliveira, |BdQ97j . the 
3-dimensional case then turns out to be Stein fillable. 

Remark 4.21. Not every Sasakian manifold is Stein hllablc. A well- 
known example is (MP 2n+1 , !D 0 ) with its induced contact structure from 
the standard contact sphere (5 2n+1 , T> 0 ) for n > 1. Its cohomology ring 
obstructs the existence of Stein filling, see [CE12L Example 5.62], It is 
an open question whether (MP 2n+1 , D 0 ) admits a Liouville Riling. 

For the invariants discussed in this paper, the existence of a Liouville 
Riling is required. By smoothing the singularity we get the following 
result. 

Proposition 4.22. A Brieskorn-Pham link is Stein fillable. 

4.2. Equivariant symplectic homology. In this section we survey 
the work of Bourgeois and Oancea, [BnroiiBnT3] . We adapt Abouzaid’s 
description of orientations, [Abol3l Chapter 1.4], because it turns out 
to be useful for the Morse-Bott point of view. 

We first give a very brief summary of the construction. Equivariant 
symplectic homology mimics the Borel construction for S 1 and applies 
it to the Floer homology of a functional on the loop space of a symplec¬ 
tic manifold: in particular, generators of the chain complex are (circles 
of) critical points, and the difierential counts 0-dimensional families of 
the moduli space of solutions to a PDE describing the “gradient flow”. 
The construction depends on the chosen functional. To remove this de¬ 
pendence, one considers a class of functionals and takes a direct limit 
over the corresponding homologies. 

We now elaborate a bit. To keep things as simple as possible we will 
outline the construction for a Liouville domain (W, A) satisfying the 
following condition 

(CF) the Liouville domain W is simply-connected and has torsion 
first Chern class, so [ci(W)]r = 0 as an element of Hj R (W). 

Denote the boundary by M = dW and the contact form on the bound¬ 
ary by r/ := A|m- The contact structure will be denoted by D. Note 
that for any Liouville filling we have TW\m=8w — (Y, R v ) © D, where 
X denotes the Liouville vector field. Hence Ci(T> = ker rj) = i*C\{TW) 
is torsion, where i : M W is the inclusion. We will refer to such a 
Liouville domain as a convenient filling. 
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Define the complete Liouville manifold W by attaching the positive 
end of a symplectization, 

(6) W = W VJ d ([1, oo[xM, d{r\\ M ) ), 

where r is the coordinate in [l,oo[. Call the extended Liouville form 
A. Introduce a free circle action on S 1 x W x S 2N+1 given by 

(7) 6 ■ (t, x , z) = (t + 6, x, z ■ 9). 

Choose a function H : S 1 x W x S 2N+1 —> R satisfying 

• H is invariant under the circle action (I7|) . 

• / 7 |gi x [ r 0 iOO [ X 52 iv+i = Sr + b(z), for some r 0 > 1. Here S is 
a positive real number that is not equal to the period of any 
periodic Reeb orbit of rj. 

We will call H a parametrized time-dependent Hamiltonian. Denote 
the free loop space of W by A W and define the parametrized action 
functional by 

A n : AW x S 2N+1 —> R 

(x,z) i —>— f x*\— f H(t,x(t),z)dt. 

J s 1 Jo 

We describe the “Morse” homology of this action functional using Floer 
theory following the work of Bourgeois and Oancea. Due to the S 1 - 
invariance of H and hence A N , critical points always come in an S 1 - 
orbit. The set of all critical points is given by 

7(H) = {(x,z) e AWxS 2N+1 | x = X H (x), I V z H(t,x(t),z)dt = 0}. 

Jo 

Here V 2 denotes the gradient with respect to an auxiliary S'Mnvariant 
metric g on S 2N+1 . 

We choose additional auxiliary data, namely a family of almost com¬ 
plex structures J \ S 1 x W x S 2N+1 —> End(TW ) satisfying 

• J(-,x, •) is a compatible complex structure for (T x W,d x A). 

• for r 0 sufficiently large </|si x [r 0 ,oo[xMxS 2Ar + 1 satisfies Jrd r = R ri 
and £> r d r J = 0. 

• J is 5''-invariant in the sense that J{t + 9, x, z ■ 9) = J(t, x, z ) 
for all 9 eS 1 . 

This gives rise to a family of Riemannian metrics Gt lZ (x)(v,w) = 
uj(v, J(t,x,z)w) on W, which in turn yields a family of L 2 -rrietrics. 

The formal negative L 2 -gradient flow of A N motivates the 
parametrized Floer equations. To define these, we give the cylinder 
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Z = R x S' 1 coordinates s, t, where S' 1 = R/Z. The parametrized Floer 
equations are then 

u = (u, z) : Z —► W x S 2JV+1 

0 dvu 

-u + J(t,u,z)(—-X H ) = 0 

V z H(t, u(s, £), z(s)) dt = 0 
lim u(s,t) E S± 

s—>•=Foo 

where S± are 5*'-orbits of critical points of A A We will denote the 
moduli space of parametrized Floer trajectories by 

M(S+, ST; H. J, g) = {u solves (jH])}/R, 

where the R-action is induced by reparametrizations in the s-direction. 
Note that M(»S' + , H, J, g) still carries a free circle action. By The¬ 
orem B in [BOlOj the quotient space is a smooth manifold for generic 
Floer data. 

Theorem 4.23. For a generic choice of Floer data (. H , J, g) the moduli 
space M s i(S+, ST; H, J,g) = M(S' + , ST; H, J,g)/S 1 is a smooth mani¬ 
fold of dimension 

-MS + ) + MS-)-1. 

Here /i(S') denotes the parametrized Robbin-Salamon index of S', 
which is explained below in Section 14.2.21 

4.2.1. Capping disks and trivializations. We will now associate a graded 
abelian group of rank 1, so a group isomorphic to Z, with each S' 1 - 
orbit of critical points. To do so, note that given an S' 1 -orbit of critical 
points, say S' = S 1 • (xs, zs), we obtain an S' 1 -family of solutions to the 
parametrized Floer equations, generated by 

us(s,t) = (x s (t),z s ). 

Linearize the parametrized Floer equations along this circle of solutions 
to obtain an S'Tfamily of Fredholm operators, namely for 6 E S' 1 , 

De.u s ■ W 1 C p (Z 1 6-u* s (TW®TS 2N+1 )) —► L p s (Z,9-u* s (TW®TS 2N+1 )). 

An expression for this family of operators and a proof that this family 
consists of Fredholm operators is given in [ BOlOj . 

For each circle of critical points, S' = S' 1 • (xs, zs), choose 

• capping disks d s = (ds t w, ds,s 2N + 1 ) '■ D 2 WxS 2N+1 , i.e. curves 
connecting a constant loop {x 0 } x {^ 0 } £ AIL x S 2N+1 to the 
loop 9 ■ (x s ,z s ); 
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• a symplectic trivialization eg,w '■ D 2 x (C n ,tdo) —>■ d* sw TW ; 

• a trivialization eg^N+i : D 2 x R 2N+1 -> d* s s2N+1 TS 2k+1 . 

With respect to these trivializations we get an S' 1 -family of operators 

D s : W]' p { C, d* s (TW ® TS 2N+1 )) —► L?(C, 4(TW ® TS 2N+1 )). 

4.2.2. Graded abelian groups. We associate a determinant line bundle 
with this family of operators by 

Det(Ds) = A top ker D s ® A top cokerDJ. 

This is a real line bundle over the circle S. 


Lemma 4.24. Suppose that S is an S 1 -orbit in 7. Then the determi¬ 
nant bundle Det Ds —?• S is a trivial line bundle. 


By the lemma, the determinant bundle is trivial along any S' 1 -orbit 
S in CP (H). We have hence two orientations, i.e. homotopy classes of 
non-vanishing sections, which we call 5$ and Sg. Define the orientation 
line of S as the free abelian group of rank 1, given by 

05 := {5£,8g I 6+ + Sg=0). 


We now come to the grading. To define the parametrized Robbin- 
Salamon index p,(S) of the S' 1 -orbit S 1 • (xs, zs ), consider the extended 
Hamiltonian H : S 1 x (W,dX) x (T*S 2N+1 ,dz A dp) —> M, defined by 
H(t,x] z,p) = H(t,x,z). By the assumption that (xs,zs) is a critical 
point, the map 


t 1 —> x= (x s (t),z s ,p(t) =p( 0) - / V 2 i/(r, xs(t), zs)dr) 


gives a 1-periodic orbit of H. The index n(S) is then defined as the 
usual Robbin-Salamon index of the 1-periodic orbit x with respect to 
the symplectic trivialization induced by es.w and e S S 2 N+i. 

We will grade the orientation line os by —/n(S) + N. The choice of 
the shift by N is used in Theorem 14.281 We now define the Floer chain 
complex as the graded Z-module freely generated by the orientation 
lines of 7(H), 

SCf- N (W,H.J,g)= ® os. 

scy{H) 

Given a regular parametrized Floer trajectory u 6 M (S + , H, J, g) 
of index 1, we construct an isomorphism map d u : os + —> os_ by a 
gluing construction, see Lemma 1.5.4 from |Abol3| . 


Lemma 4.25. Suppose that u G M(S+, S-, H , J, g) is regular of index 
1. Then d u is an isomorphism. 
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We define the restriction of the differential of the equivariant Floer 
complex to an orientation line by 

dS1 \ o S+ ■■= Y Y d “■ 

S- & [u]6M s i (S+,S-;H,J,g) 

-m(S + )+m(S-)= i 

Remark 4.26. By choosing coherent (i.e. gluing compatible) orienta¬ 
tions one can identify each orientation line with Z. The isomorphisms 
d u then simply map 1 el e(w) ■ 1, where the sign e{u) is determined by 
comparing the generator of the S' 1 -action, which lies in the kernel of 
D u , with the coherent orientation on the moduli space. 

We have the following IBQ13 . Proposition 4.5] 

Proposition 4.27. The map d sl satisfies d sl o d sl = 0. 

Equivariant Floer homology is then defined as 

SH s1 ' n (W, H, J) := H*(SCf’ N (W, H, J ), d sl ). 

This homology group depends on the choice of Hamiltonian and on 
N. To remove this dependence one has the following theorem, [BQ13i 
Lemma 5.6]. 

Theorem 4.28. Assume that the slope of H 2 is greater than or equal 
to that of H \, and assume that N 2 > N\. Then there are chain maps 

era : SCt' Nl (^H u J ugi ) —► SCf' N *(W,H 2 ,J 2 ,g 2 ). 

We will refer to these chain maps as continuation maps: they are 
defined by counting rigid parametrized Floer trajectories under an in¬ 
creasing homotopy of Hamiltonians. Equivariant symplectic homology 
is then defined as 

SH S \W) := \n$li^SH sl ’ N (W,H s ,N,Js,N,gs,N). 

N S 

This homology no longer depends on the choice of complex structure 
and Hamiltonian. 

From now on, we suppress the (W, H , J, r/)-dependence in the no¬ 
tation of the chain complexes to shorten notation. We now explain 
that equivariant symplectic homology comes equipped with a tauto¬ 
logical exact sequence. To define this, fix e > 0 small, and choose a 
parametrized Hamiltonian with the following properties: 

• H(t, •, z) has C' 2 -norm less than e on W for every (t, z) G S 1 x 

CJ2N+1 

• H is positive on the whole cylindrical end S 1 x [l,oo[xM x 

Cj2N+l 
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• H has slope S on the cylindrical end S 1 x [ro, oo[xM x S 2N+1 , 
for some r 0 > 1. 

One chooses e so small such that all critical points of A N with action less 
than e are fixed points. Since the differential d sL : SCf 1,N —» SC*_\ N 
is action decreasing, we obtain a subcomplex, 


(SC~’ sl ’ N ,d sl ) = ({S M e SC f I A"(x,z) < e}, d ti± ). 


S 1 , N 




Denote the quotient complex by SC +,sl,N = SC sl,N /SC so we 

have a short exact sequence of chain complexes, 


-.s 1 ,# _^ gfjS 1 ,N 


SC. 


+,skiv 


If we denote the associated homologies by SH, we get a long exact 
sequence in homology, 


SH~’ s1 ’ n —► SH?’ n —► 


SH;if- N 


Now take the direct limit over the slopes and over the inclusion S 2N+1 —y 
S 2N '+ 1 to obtain SH~ ,sl (W) and SH +,sl (W). These homology groups 
do not longer depend on the the choice of complex structure and Hamil¬ 
tonian. The above tautological exact sequence then becomes the so- 
called Viterbo sequence 


Theorem 4.29. There is a long exact sequence 

—► S/C- s ‘(W0 —► SH?(W) SH;if(W) — > , 

The homology groups SH~ ,sl measure the differential topology of 
W in the following sense, see BO 13 i. Theorem 4.7. 

Theorem 4.30. There is an isomorphism 

SH~’ sl {W ) = H* +n (W, dW ; Z) ( 8 ) 7/*(CP°°; Z). 


Remark 4.31. Morally we may think of SC +)Sl)N as being generated 
by 1-periodic orbits that are not fixed points, and by a judicious choice 
of Hamiltonians we can think of SH +,s as being generated by periodic 
Reeb orbits on the boundary. This picture is complicated by the fact 
that the differential counts Floer trajectories which may go through 
the filling. The interpretation in terms of the Reeb flow can be made 
more precise with the Morse-Bott spectral sequence, see Theorem 14.351 
for a formulation in a special case. 

Concerning the symplectic invariance of equivariant symplectic ho¬ 
mology, the following theorem, see |Gutl5j . will be relevant. 

Theorem 4.32. If W is convenient filling, then SH +,sl (W) is inde¬ 
pendent of the choice of Liouville form A. 
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4.3. Mean Euler characteristic. From now on, we will always use 
Q-coefficients for equivariant symplectic homology. Denote the Betti 
numbers of the +-part of equivariant symplectic homology of a conve- 
nient Liouville domain (IF, A) by sbi := rank SHF (IF). We define 

the mean Euler characteristic of (IF, A) as 
(9) 


Xm(W) = 


if 1 N 

- I lim inf — 

2 l jv-xx> N 


N 


-1 ) l sbi(W) + lim sup — V] (-1 fsb^W) 

JV-> oo tV 


i=—N 


i=—N 


if this number exists. This is the case if there is uniform bound on the 
Betti numbers sb t . 


4.4. Autonomous Hamiltonians, spectral sequence and contact 
invariants. To compute equivariant symplectic homology in practice 
it is useful to work with autonomous Hamiltonians. The 1-periodic 
orbits of such an autonomous Hamiltonian are typically degenerate, so 
not admissible. We will consider an autonomous Hamiltonian with the 
following type of degeneracy. 

Definition 4.33. We say that the 1-periodic orbits of an autonomous 
Hamiltonian H are of Morse-Bott type if 

• the critical set or critical manifold C = {x G W | Flf H (x) = 
x} forms a (possibly disconnected) compact submanifold of W 
without boundary; here Flf denotes the time-t flow of a vector 
field X. 

• the restriction of the linearized return map to the normal bundle 
of each connected component £ of C is non-degenerate, i.e. the 
linear map 

T X FI? H \ U F)-ld\„w 
is invertible for all x G £. 

Now consider an autonomous Hamiltonian H that only depends on 
the interval coordinate on the symplectization end, i.e. //’|[i, 0 o[x 9 w = 
h(r). Then 

X H = —h'(r )R n , 

so 1-periodic orbits of X H correspond to Reeb orbits of 77 := A| qw with 
period h'(r) (note that the r-coordinate is preserved under the flow of 
Xh)- Suppose furthermore that £ is a Morse-Bott manifold consisting 
of 1 -periodic orbits of Xh- In the contact manifold (dW,\\gw) this 
Morse-Bott manifold £ corresponds to a Morse-Bott manifold of h'(r)- 
periodic Reeb orbits. Given an h/(r)-periodic Reeb orbit x, choose a 
capping disk d x in dW together with a unitary trivialization of the 
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contact structure (X, J\d, With respect to such a unitary trivi- 

alization, the restriction of the linearized Reeb flow to T> gives a path 
of symplectic matrices. Define the Robbin-Salamon index of x as the 
Robbin-Salamon index of this path of matrices. 

Remark 4.34. This index is independent of the choice of x in £. 
Moreover, it does not depend on the choice of the trivialization and 
the capping disk due to our assumption that ci(XW) = 0. 

Define the shift of £ as 


shift(E) = /iij 5 (E) - ^(dim£ — 1), 


where Prs (£) is the Robbin-Salamon index of the Reeb flow. 

4.4.1. Periodic flow. Suppose now that (M, rj) is a quasi-regular con¬ 
tact manifold with a convenient filling W, and denote the periods of 
the Reeb flow by Ti < ... < T*,, where T*, is the period of a principal 
orbit. 

Since the action spectrum has the form XiN U ... U T^N, we can 
find a E M + such that each interval [pa, (p + l)a] contains at most one 
critical value of A for every p E N. Furthermore, we can assume that 
this critical value is an interior point of [pa, (p + l)a]. Denote the set 
of critical manifolds with critical value in the interval [pa, (p + l)a] by 


C(p). 


A Morse-Bott spectral sequence computing equivariant symplectic 
homology with more general, but more technical assumptions was proved 
in Appendix B of | IKvK13| . The following, simplified version suffices 
for this paper. 

Theorem 4.35 (Morse-Bott spectral sequence for periodic flows). Let 
(W, c o = d\) be a convenient Liouville domain satisfying the following. 

• TW is trivial as a symplectic vector bundle. 

• The Reeb flow of dW is periodic with minimal periods T\,..., T^, 
where T*, is the common period, i.e. the period of a principal or¬ 
bit. 

• There is a compatible complex structure on the contact manifold 
(dW, X qw) suc h that the linearized Reeb flow is complex linear. 

Then there is also a spectral sequence converging to SH +,sl (W] Q). Its 
E 1 -page is given by 


(10) 





22 


Positive Sasakian Geometry and Contact Topology 


Remark 4.36. The first condition allows for a simple construction of 
the local coefficient system, and the third condition ensures that the 
local coefficient system is trivial. 

Note that the natural filling of a Brieskorn manifold by its smoothed 
singularity satisfies all of the assumptions. 

Lemma 4.37 (Equivariant symplectic homology as a contact invari¬ 
ant). Assume that (M, r/) is a simply-connected quasi-regular contact 
manifold admitting a convenient filling (IE, A). Suppose furthermore 
that the spectral sequence (HO is lacunary, meaning that 

• for all i > 0 and all p,q G Z, the following holds. If Ep 0, 
then El_ iiq+i _ x = 0. 

Under these assumptions SH +,sl (W) does not depend on the choice of 
the convenient filling IE. 

Proof. Suppose that W is another convenient filling. We claim that we 
can choose Liouvillc forms on W and IE that coincide on the cylindrical 
ends M x [r 0 , oo[. To see this, note that if A and A are the restrictions 
of Liouville forms to the cylindrical end M x [r 0 , oo[, then d{ A — A) = 0. 
By the assumption that M is simply-connected, we see that A —A = df. 
Then define a new Liouville form on M x [ro, oo[ by 

A':=A + d(p-f). 

Here p is a cut-off function that vanishes on a neighborhood of M x {ro} 
and is equal to 1 on the set M x [r 1; oo[. This form A' extends to a 
globally defined Liouville form on IE. 

By Theorem 14.321 different choices of Liouville forms yield isomor¬ 
phic homologies. With respect to the new Liouville form, the EP-page 
of the Morse-Bott spectral sequence (fTOT) computing SH + ' s (IE) is iso¬ 
morphic to the E 1 - page of the spectral sequence computing SH +,sl (W). 
The lacunarity assumption of the lemma then tells us that the spectral 
sequence abuts in both cases at the EP-page. Hence SH +,sl (IE) = 
SH+’ s \W). □ 

4.5. Explicit formulae for the mean Euler characteristic. In this 
section we follow lKvK13 . Proposition 5.20] to get an explicit formula 
for the mean Euler characteristic (mec). Suppose that (M, rj) is a quasi¬ 
regular contact manifold, and denote the periods of the Reeb flow by 
Xi < ... < Xfc, where T k is the period of a principal orbit. Define the 
function 
(11) 

4>Ti-,T i+1 ,...,T k = #{a e N I aTi < T k and aT { <£ T)N for j = i + 1,..., k}. 
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We use the convention that f>T k -fb = 1- For T — Tf,... ,7*,, define 
E T = {yeM\Fl^{y)=y}. 


The equivariant Euler characteristic, i.e. the Euler characteristic of the 
S 1 -equivariant homology H s (£;Q), will be denoted by \ S (S)- This 
equivariant Euler characteristic equals the Euler characteristic of the 
quotient if the circle action has no fixed points, which is the case here. 


Proposition 4.38. Let ( M , rf) be a simply-connected quasi-regular con¬ 
tact manifold admitting a convenient filling (W,dX). Suppose further¬ 
more that the following conditions hold. 

• The restriction of the tangent bundle to the symplectization of 
M, T(R x M)\m, is trivial as a symplectic vector bundle. 

• There is a compatible complex structure on the contact manifold 
M such that the linearized Reeb flow is complex linear. 

Let pp := p(M) denote the Maslov index of a principal orbit of the 
Reeb action. If pp 0 then the following hold. 

• The contact manifold ( M,r /) is index-positive if pp > 0 and 
index-negative if pp < 0. 

• The mean Euler characteristic is an invariant of the contact 
structure and satisfies the following formula, 


(12) Xm(W) = 


EL(-1 ) MSr - ) -^ dim(Sr - ) - 1) 0T i; T I+1 ,..T fe X Sl (^) 

\Tp\ 


4.5.1. Index formulae. We follow the notation from |KvK13] . Sup¬ 
pose that 2vr • T is the minimal period of a periodic Reeb orbit in 
the Brieskorn manifold L(ao,..., a n ). Write / = {0,1,..., n} and 
Ip = {j G / | aj divides T}. We obtain an entire Brieskorn submani¬ 
fold K(I t ) := L({aj}j £ i T ) consisting of periodic orbits, which forms a 
Morse-Bott submanifold. 

Then the Robbin-Salamon index of an TV-fold cover is given by the 
following formula 


fVT 

(13) PN-K(I t )) = 2^—+ 2 

j&Ir j&I—Ir 


NT 


+ #(/-/ t )-2TVT, 


provided that a 3 does not divide NT for j e / — I T . If the latter 
happens, the TV-fold cover is part of a larger Morse-Bott submanifold 
of periodic orbits. 
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A principal orbit has period equal to 2n ■ lcm,a,, so we see that the 
index of a principal orbit is given by 

( n l 

(14) /ip = 21cm jcidj | — — 1 

\j=o a i 

Remark 4.39. We note that (jT4l) is twice the Fano index as defined 
in Definition 4.4.24 of [BG08] . See also the proof of Theorem 11.7.8 in 
[BG08] . A positive Maslov index of a principal orbit is hence equivalent 
to the quotient orbifold being log Fano. 

5. Some formulae for the mean Euler characteristic for 

BP LINKS 

Note that all conditions hold for Brieskorn manifolds of dimension 5 
or greater. We work out all necessary ingredients. The Maslov index of 
a principal orbit was already given in formula (fT4j) . For each orbit space 
Ep the Euler characteristic x 5l (Ep) can be computed by combining 
formula (3.4) and Theorem 3.10 from [ KvK13| . We have 

(15) ranki7 n _ 2 (L(a 0 ,..., a n ); Q) = V (_i)-*iki^l 

Pci 3 1cm jeIt aj 

Here = {0,1,..., n} and I t denotes a subset with t elements. 

5.0.2. A detailed example. We work out one example in detail, and 
refer for the rest to the tables below. Consider L( 2, 3,4,4 + 12k). The 
period of a principal orbit is T = lcm(2, 3,4,4 + 12 k) = 3 • (4 + 12k). 
By formulae of Milnor-Orlik [MO 70] and Ran dell |Ran75j we find that 
X Sl (T(2, 3,4,4 + 12k) ) = *(L(2, 3,4,4 + 12k) /S 1 ) = 3. Note that 
this is also obvious from the rational Gysin sequence and the fact that 
L( 2, 3,4,4 + 12 k) is a rational homology sphere. 

The exceptional orbits have periods dividing 3 • (4 + 12k). These 
periods are 12 for L(2, 3,4), 6 for L( 2,3) and 4 for L(2,4). We can 
again use Milnor-Orlik to hnd the relevant Euler characteristics, but 
may also observe that L( 2, 3,4) is log Fano and hence the quotient must 
be homeomorphic to S 2 , which has x — 2. The Brieskorn manifolds 
L( 2, 3) is the 2, 3-torus knot, so x — 1 and L(2, 4) is a torus link with 
two components. 

We now compute the values of the 0-function, defined in ([IT]) . The 
first one equals by definition 03.(4+m) ; 0 = 1- We work backwards to 
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get the others 

0i2;3-(4+i2fc) = 3 • (4 + 12k)/12 — 1 = 1 + 3 k — 1 = 3k. 

06;i2,3-(4+i2fc) = 3 • (4 + 12k)/Q — 1 — 3*; = 2 + 6*; — 1 — 3*; = 1 + 3k. 

04 ; i2,3-(4+i2 k) = 3 • (4 + 12/c)/4 — 1 — 3A; = 1 +- 9A; — 1 — 3k — 6k. 

Finally the Maslov index of a principal orbit is 

2 • 3 • (4 + 12*;) ■(- + - + - + ——^-— - 1) = 6 + 8fc. 

v ; v 2 3 4 3- (4 + 12 k) J 

We collect the above data in a table. 

Orbit space period + sl frequency (in one period of E 1 ) 

L(2, 3,4,4 + 12k) 2* • 3 • (1 + 3 k) 3 I 

L(2, 3,4) 12 2 3k 

L( 2,3) 6 11 + 3 k 

L( 2,4) 4 2 6 k 

Combine this with the proposition and we hnd 

_ 6k ■ 2 + (1 + 3k) ■ 1 + 3k ■ 2 + 1 • 3 _ 4 + 21*; 

Xm ~ 6 + 8 k “ 6 + 8 *; ' 

Note that the above computation does not apply to the case k — 0. In 
the latter case, there are only three orbits spaces, namely +(2,3,4,4), 

+(2,3) and +(2,4). The formula for the mean Euler characteristic is 
still correct though. The others follow the same procedure. 

In Sections 6.1-3 below we make use of the classification of positive 
BP links in dimension 5 given in Tables B.4 of | IBG08j . 


5.1. Positive BP links diffeomorphic to S 5 . All positive BP links 
on S 5 were given in Table B.4.3 of | IBG08j . As mentioned in the In¬ 
troduction, it was already known from [Ust99l lKvK13l IGutl5j that 
M®y 0 (s 5 ))i = k„, so here we are content to illustrate one infinite 
series where the mean Euler characteristic is given. The notational 
convention employed here as well as in the next section is to present 
a column of three entries, the first of which gives the manifold, the 
second the Brieskorn link, and third the mean Euler characteristic. We 
have 


(16) 


S 5 +(2,3,5,1 + 30*;) 


31 + 270*; 
62 + 60*; 


Notice that it follows from Theorem 13.121 that L{2, 3, 5,1 + 30*;) can¬ 
not admit an SE metric when k > 1. For k = 1 it is unknown whether 
it has an SE metric. 
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Example 5.40. We continue our discussion of Example 13+5] concern¬ 
ing SE metrics on S' 5 . We have computed the mean Euler characteristic 
for these families and presented them in an Excel table which can be 
found in http://www.math. snu. ac.kr/~okoert/tools/BP5_list_full_SH.xls 
The table also contains the number of moduli , that is, the complex di¬ 
mension of the local moduli space computed from Proposition 13.131 
Notice that our Excel table shows that there are 7 pairs where the 
mean Euler characteristic does not distinguish the contact structures. 

In the case of L(2,3,7,22) and L(3,3,4, 7) the mean Euler character¬ 
istics coincide, but in Lemma 15.411 below we show that their contact 
structures are not isomorphic. In the remaining 6 pairs we cannot say 
whether their contact structures are inequivalent or not. Hence, we see 
that there are at least 76 inequivalent contact structures on S 5 contain¬ 
ing an SE metric implying |7To(01L s ' b (S' 5 ))| > 76. This proves Theorem 
11.41 of the Introduction. 

Lemma 5.41. The contact manifolds L( 2, 3, 7, 22) and L(3, 3,4, 7) are 
not contactomorphic. 

Proof. We write out the Morse-Bott spectral sequence 14.351 and apply 
Lemma 14.371 to verify this. Both spectral sequences are lacunary, so 
SHf' = (Bp+ q =kEpq are invariants of the contact structure. Note that 
rank SHq’ s (V(2, 3, 7, 22); Q) = 6, whereas 

rank SHq’ s1 (V (3, 3,4, 7);Q) = 7. 


□ 


5.2. Positive BP links in dimension 5 that are rational homol¬ 
ogy spheres and not diffeomorphic to S 5 . The positive BP links in 

dimension 5 that are nontrivial rational homology spheres are classified 
in Table B.4.1 in [BG08j . Here we list those with a countable number of 
Sasaki-Seifert structures together with their mean Euler characteristic. 


M 2 L(2, 3, 3, 3 + 6k) 
M 3 L(2, 3, 4,4 + 12k) 


3 + 10 k 
6 + 4 k 

4 + 21 A; 

8 + 6 k 
11 + 21 k 


L{2, 3,4, 8 + 12k) 


10 + 6 k 
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M 5 £(2,3,5,6 + 30*0 
£(2,3,5,12 + 30*0 
£(2,3,5,18 + 30*0 
£(2,3,5,24 + 30*0 


6 + 45*: 
12 + 10 *: 

15 + 45*; 
14 + 10*: 
24 + 45*; 

16 + 10*; 
33 + 45*; 
18 + 10*; 


2 il£ 3 £(2,3,5,10 + 30*;) 

£(2,3,5,20 + 30*;) 

4 M 2 £(2,3,5,15 + 30*;) 

It follows that these rational homology spheres have a countable 
infinity of inequivalent contact structures of positive Sasaki type. This 
proves Theorem 11.21 of the Introduction. Note that if *; > 1 Theorem 
13.121 says that these links cannot admit an SE metric. It is unknown 
when k = 1. Nevertheless, all of the above rational homology spheres 
with the exception of 4 M 2 are known to admit SE metrics [BG08 j. 
Whether 4M 2 admits an SE metric has so far proven to be quite elusive. 


4 + 27*; 
8 + 6 *; 
13 + 27k 
10 + 6 *; 
3 + 18*; 
6 + 4 k 


5.3. Positive BP links on the connected sums k(S 2 xS 3 ). Brieskorn 
manifolds diffeomorphic to (n—l)S 2 xS 3 are given by the link £( 2 , 2, p , q) 
with n = gcd(p, q). Here n = 1 means S 5 . These generally do not admit 
SE metrics, however. 


Lemma 5.42. The Brieskorn manifolds £(2, 2 ,p, q) ps ( n 
where n = gcd(p, q) satisfy 


Xm(L(2,2,p,q)) 


pq + n 2 

2 (p + q)' 


1) (S' 2 x S 3 ) 


Thus, for each n > 1 the 5-manifolds (n — 1)(S 2 x S 3 ) have a count¬ 
ably infinite number of inequivalent contact structures. This proves 
Theorem 11.11 of the Introduction. 

Concerning SE metrics, it is known |BG08] that there are infinitely 
many Sasaki-Scifcrt structures admitting SE metrics on the manifolds 
k(S 2 x S 3 ) for k > 2. However, these do not occur on Brieskorn 
manifolds. 
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5.4. Homotopy 7-Spheres with Sasaki-Einstein Metrics. Below 
is a table which gives the number of Brieskorn homotopy 7-spheres 
that admit Sasaki-Einstein metrics and which can be distinguished 
by the mean Euler Characteristic of a Liouvillc filling. The exis¬ 
tence of pairs indicates that the mean Euler characteristic of two co¬ 
incide. There is also one case of a triple which occurs with signature 
15. N is the number of Brieskorn homotopy 7-spheres with the indi¬ 
cated signature. It also indicates the number of Sasaki-Seifert struc¬ 
tures. The last column gives the number of pairs with the same mean 
Euler characteristic. From this one easily obtains lower bounds on 
|7r o (S0T s ' B (E 7 )) |. The table is based on the Excel file that can be found in 
http://www.raath.snu.ac.kr/~okoert/tools/BP7_list_same_mec_exo.xls 
In the table the Milnor signature, indicating the oriented homotopy 7- 
sphere from 0,..., 27, is given by the column labeled exo. 

Oriented Homotopy 7-spheres with SE metrics 


sig 

N 

pairs 

sig 

N 

pairs 

0 

353 

0 

14 

390 

1 

1 

376 

0 

15 

409 

0 

2 

336 

2 

16 

352 

3 

3 

260 

1 

17 

226 

1 

4 

294 

1 

18 

260 

0 

5 

231 

4 

19 

243 

0 

6 

284 

2 

20 

309 

1 

7 

322 

1 

21 

292 

1 

8 

402 

2 

22 

425 

1 

9 

317 

1 

23 

307 

2 

10 

309 

5 

24 

298 

0 

11 

252 

2 

25 

230 

1 

12 

304 

0 

26 

307 

2 

13 

258 

0 

27 

264 

0 


These are not true lower bounds since we have not accounted for the 
SE metrics on the homotopy sphere S' in [ GK07j . However, for these 
metrics the diffeomorphism type has not been determined. 

5.5. Homotopy 9-Spheres with Sasaki-Einstein Metrics. For ho¬ 
motopy spheres of dimension 9 that admit an SE metric, we present an 

Excel table that can be found in http: //www.math. snu. ac ,kr/~okoert/tools/BP9_list984. 
One can use this table and the invariance of the mean Euler charac¬ 
teristic to distinguish the contact structures. The column labelled sig 
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indicates which homotopy 9 in bP\o, 1 indicates the standard sphere, 
and 3 the exotic Kervaire sphere. This proves Theorem 11.51 


5.6. Higher dimensional Diffeomorphism Types. Next we con¬ 
sider links studied in [ BG06] and discussed in Section 9.5.2 of |BG~08j . 
These do not admit SE metrics, but they are probably easier to work 
with. First we treat dimension 1 mod 4. The first case is 

/ = Z 0 + Z 1 H-b Z 2n+1 = 0- 

The link L(8/, 2,..., 2) has diffeomorphism type S 2n x S' 2 ”" 1 " 1 . Next we 
have the link L(8l + 4, 2,..., 2) with 

/ = z l l+i + z i 4-b ^2n+i = 0 

whose diffeomorphism type is S 2n x 5 ,2n+1 ^E 4n+1 where E 4n+1 is a 
generator of the group bP± n+ 2 - Note that hP 4ri+ 2 ~ Z 2 when n 2* — 1 
for some i — 1, 2,..., so Yfi n+l is exotic is in this case. The last case of 
this type is L(4l + 2, 2,..., 2) given by the polynomial 

f = z o +2 + z i H-b ^n+l = 0. 

Here the diffeomorphism type is the unit tangent sphere bundle T of 
S 2n+ 1. There are relations such as T#E 4n+1 is diffeomorphic to T, 
and we can consider more general connected sums; however, it is often 
difficult to determine the precise diffeomorphism type. 

Proposition 5.43. There are a countably infinite number of in equiva¬ 
lent contact structures of Sasaki type on the manifolds S 2n x S 2n+1 , S 2n x 
g2n+ l^ty^n+l , u ,/ igre y;4n+l %s g enera f or 0 f fj le group bP/± n+ 2 - 

Proof. We distinguish the contact structures in the three cases by using 
the formula for the mean Euler characteristic given in Appendix A of 
[KvK13] . □ 

Proposition 15.431 proves Theorem 11.31 of the Introduction. 

Remark 5.44. Since these Brieskorn manifolds have a Sasaki auto¬ 
morphism group which contains SO (fin-\- 1) owing to the 2n + 1 terms 
with exponent equal to 2, they have a Sasaki cone of dimension n + 1. 
One can then ask whether there is a deformation in the Sasaki cone to 
a Sasaki-Einstein metric? The answer is no due to the work of Martelli, 
Sparks, Yau {MSY08 J and He [Hel4j . 
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6. Different moduli of Sasaki-Einstein metrics on spheres 
using the Sylvester sequence 

Define the Sylvester sequence {cj}°2 0 recursively by 
c i = Cj-i • (Q -1 — 1) + 1, c 0 = 2. 

We have c, = i+n;= 0 Cj, and we see that the Cj’s are pairwise relatively 
prime. We will consider the Brieskorn-Pham links 

L 2n+3 (a) = L(2, 2c 0 ,..., 2c n , a), 

where a is relatively prime to the q’s. By the proof of Theorem 11.5.5 
from (BG08 J these manifolds carry Sasaki-Einstein metrics. 

To compute the mean Euler characteristic, we need to identify the 
orbit spaces of the Reeb action. 

• The principal orbits are the full space L( 2, 2co,..., 2 c n , a). 

• The strata of exceptional orbits of dimension 2k +1 (so of codi¬ 
mension 2n — 2k + 2) are formed by the Brieskorn submanifolds 
L( 2, 2 c io ,..., 2 a k ) and L( 2, 2 a 0 ,..., 2cj fc _ i; a). 

In the following lemma we compute the equivariant Euler characteris¬ 
tics of Brieskorn submanifolds. 

Lemma 6.45. If n is odd, then L 2n+3 (a) is homeomorphic to S 2n+3 . 
Furthermore, if io < ■ ■ ■ < ik, then the Brieskorn submanifolds 
L{ 2, 2cj 0 ,..., 2 qJ and L( 2, 2 c io ,..., 2 c ik , a) satisfy 

(17) X s '(L( 2,2Cf 0 ,..., 2c, J ) =*+2 + 1(1-(-l) t+1 ) 

(18) ,\ S1 (r(2,2c, 0 ,.... 2c, fr , a)) — fc + 3. 

In particular, the equivariant Euler characteristics are independent of 
a provided a satisfies the relatively prime condition. 

Proof. The first claim follows from the Brieskorn graph theorem, see 
Theorem 9.3.18 ii) from |BG08j . Just note that a is an isolated point 
and that there is an odd number of vertices {2, 2co,..., 2c n } with pair¬ 
wise gcd equal to 2. 

Formula (1TB|) is also proved with the Brieskorn graph theorem, namely 
Theorem 9.3.18 i) from |BG08] tells us that L(2,{2ci j }j,a) is a ratio¬ 
nal homology sphere since the vertex {a} is an isolated point. The 
claim about the Euler characteristic then follows from Lemma 4.5 in 
[FSvK12j . 
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To prove formula (fTTI) . we use a formula from Miluor-Orlik MOTOl 
(cf. Corollary 9.3.13 of [ BG08j ). We compute k = rankif fc (L(2, 2 c io ,..., 2qj; Z), 

k+-j- _ TT n . ofc+2 

= i - (k + 2 ) + ^(-i) £ ^ ;_ h l + (-i ) fc+2 


£=2 
k -\-1 

-(*+ 1) + E(-1)' 2 

1=2 

t-1 fk+ 1 

1=2 


her 


lcm ie i e ai 


k +1 


E(-+ 2< 


| (k -\- 1 
- 1 


ofc+2 

/ C'-F+V 


(i+ij + B-W 12 

fc +1 

E *- 1 )' 2 


c=i 

+-i fk + 1 


f)/ f k -hi 


£=2 


o/c+2 

£ ) K ’ 2 


-(fc + 1) + ^(-1)^ +1 (2 £ - 2*" 1 ) 


£=2 


fc + 1 


o/c+1 o/c+2 

+ 2(fc + 1) + (-l) fc+1 —- + (-l) fc+2 —- 


1 


? £(-i+ 


e=o 


fc+1 


+ (-l) 


fc +2 


2 fc+1 1 
2 + 2 


= 5(1-(1 -2)‘ +1 ) = 1(1- (-1+ 1 ). 

Combine this with Theorem 1 from |Ran75j to obtain formula (R7l) . □ 


To finish the computation of the numerator of Formula (fT2|) . we 
determine the ^-functions, CD, by downward induction. The prin¬ 
cipal orbits L( 2, 2c 0 ,..., 2 c n , a) occur once. The exceptional orbits 
L(2, 2ci 0 ,... ,2 a k ) occur 

n 

(a - 1) Yl ( c i - !) 

times, and the exceptional orbits L( 2, 2q 0 , ..., 2c+, a) occur 

n 

n ^~ ^ 

j=0,j£{i 0 ,-,ii} 

many times without being part of a larger orbit space. 
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We conclude that numerator of y m (L 2n+3 (a)) is given by 


£=0 io<...<i£ \j=0,j‘ 


£=1 io<“-<i£ \j=0,j 

By Lemma 16.451 we see that coefficient of (a — 1) is positive, and the 
second term is independent of a, so this function is a linearly increasing 
in a. Furthermore, from Formula (TT4|) we see that the function a t—>■ 
1/fip(a) is strictly increasing as long as a is relatively prime to the cds 
and the log Fano condition pp > 0 holds. It follows that the function 
a ha Xm(a) is an injective function of a. 

The proof of Theorem 11.5.5 from |BG08 j hence implies 

Proposition 6.46. The contact manifolds (L 2n+3 (a), T> a ) are pair¬ 
wise non-isomorphic (as contact manifolds). In particular, for n = 
3, 5, 7,... the number of components of the moduli space of Sasaki- 
Einstein metrics on either S 2n+3 or the Kervaire sphere £ 2n+3 is grow¬ 
ing doubly exponentially with n. 


n 

+£ £ 


( c i _1 ) X S \L{2,2c io ,...,2c io a)). 


£{*0 i—iU} 


n 

x 2 ” + V) = £ £ 


(Cj - 1) j (a- l)x s ‘(I(2,2c io ,...,2c i( 
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